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Abstract. We discuss the fibered commensurability of fibrations on a hy- 
perbolic 3-manifold. The notion of fibered commensurabiUty is defined by 
Calegari, Sun and Wang in [2]- We first fill details of the argument in [2], 
especially for Theorem 3.1 of [2], which shows that every hyperbolic fibered 
commensurability contains a unique minimal element. Furthermore, we con- 
struct manifolds with non-symmetric but commensurable fibrations on the 
same fibered face. We also prove that if a given manifold M does not have any 
hidden symmetry, then M does not have non-symmetric but commensurable 
fibration. 



1. Introduction 

In this paper, we are mainly interested in fibered hyperbolic S-manifolds with 
the first Betti number greater than or equal to 2. Thurston |TE] showed that such 
manifolds admit infinitely many distinct fibrations (see also section [5]) . It is an 
interesting question to ask the relationship between such fibrations. 

In [2], Calegari, Sun and Wang defined the notion of fibered commensurability, 
which gives rise to an equivalence relation of fibrations. This lets us discuss a 
relation between fibrations of a given fibered hyperbolic 3-manifold. For fibrations 
on hyperbolic 3-manifolds, they proved that each fibered commensurability class 
has a unique minimal (orbifold) element, where the order is defined by the covering 
relation ([2j Theorem 3.1]). As mentioned in [2], this implies that the number of 
fibrations which are commensurable to a fibration on the same manifold is finite. 

However, it seems that the proof in [2] Theorem 3.1] works for closed case, but 
we need more care when a manifold has boundary. The automorphisms on a surface 
are classified into 3 types; periodic, reducible, and pseudo Anosov (see [19] . [5]). 
The monodromy of a fibration on a hyperbolic 3-manifold M is pseudo Anosov (c.f. 
[17]). Hence it has associated stable and unstable singular foliations, which give 
a singular Sol metric on Int(M). In [2], they took an universal cover of Int(Af) 
and considered the pulled back singular Sol metric on it. It is claimed that the 
Sol metric is complete, which is true only if M is closed. The first main purpose 
of this paper is to add more detailed discussion on the case that M has boundary 
(Theorem 13. 2p . More precisely, we consider the metric completion and observe 
that all added points come from the components of the boundary. Thanks to this 
observation, we see that if all singularities of stable or unstable singular foliations 
are on the boundary the minimal elements are manifolds (rather than orbifolds). 
As a corollary, we prove that all fibrations of \ 62 and the Magic 3-manifold are 
the minimal element. 

Secondly, we consider the transitivity of the commensurability of automorphism, 
which is defined also in [2]. Let F be a surface. An automorphism (j) oi F is an 
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isotopy class of a homeomorphism f : F F. Here we allow homeomorphisms to 
permute the components of boundary. We discuss the pairs {F, (p) where </> is an 
automorphism of a surface F. In this paper we only discuss surfaces of negative 
Euler characteristics. 

Definition 1.1 ([2 ). A pair {F, (j)) covers (F, (f)) if there is a finite cover tt : F F 
and representative homeomorphisms f of (j) and f of (j) so that ■nf — /tt as maps 
F ^ F. 

It turns out that the covering relation is transitive (see [2])- Moreover, two pairs 
and {F2,4>2) cover each other if and only if there is a homeomorphism 
if : Fi ^ F2 such that (/302 = 0i</' i-e. they are conjugate to each other. Therefore, 
the covering relation gives rise to a partial order on the conjugacy classes of pairs 
of type {F, (j)). By abusing the notation, we denote the conjugacy class by (F, (f). 

Definition 1.2 ([2]). Two pairs {Fi,(j)i) and (i^2,02) are commensurable if there 
is a surface F, automorphisms (pi and 4'2, and nonzero integers ki and k2, so that 
{F,(j)i) covers {Fi,(j)i) fori = 1,2 and if (pi = 02 as automorphisms of F. 

In [2] , it is claimed without proof that this commensurable relation is an equiv- 
alence relation. At least for the author, this is not trivial. On the other hand, in 
the following slightly different definition is used. 

Definition 1.3 (4 ). Two pairs {Fi,(j)i) and {F2,(j>2) are commensurable if there 
is a surface F, an automorphism (p, and nonzero integers fci and k2, so that {F,(p) 
covers {Fi,cp\^) fori = 1,2. 

For this definition, the transitivity can readily be verified (see subsection 12. ip . 
In this paper, in subsection [321 if th^ automorphisms are pseudo Anosov, we prove 
that the commensurability relation in Definition 11.21 is transitive and hence is an 
equivalence relation. 

Based on detailed discussion above, we are ready to discuss the fibered com- 
mensurability of fibrations of a given hyperbolic 3- manifold. First, in section [H we 
discuss the relationship between normalized entropy and commensurable fibrations 
on a hyperbolic 3-manifold. For a given fibration on a hyperbolic 3- manifold M, 
we get a pair (_F, (p) where -F is a surface homeomorphic to a fiber and (pis & pseudo 
Anosov automorphism on F. We first show that normalized entropy of (F, (p) (see 
section [4] for the definition) is shared by commensurable fibrations on M . Then we 
observe that for M = S'^ \ 6|, two fibrations on M are commensurable if and only 
if they share the normalized entropy whereas for the Magic 3-manifold, there exist 
two non-commensurable fibrations with the same normalized entropy. 

Finally, in section[5l we discuss the question posed in [2j Remark3.9] constructing 
an explicit example of two fibrations on the same manifold which are commensurable 
and have different genus. We give examples of manifolds with two commensurable 
fibrations whose fibers are not homeomorphic to each other. We first observe that 
if a manifold M does not have hidden symmetries, then any two fibrations on M 
are either symmetric or non-commensurable. Then, in Theorem 15.71 we construct 
infinite sequence of manifolds with non-symmetric, commensurable fibrations whose 
fibers have different Euler characteristics. We also show that in our example, we can 
find non-symmetric, commensurable fibrations such that corresponding elements in 
the first cohomology lay in the same fibered cone. 



ON COMMENSURABILITY OF FIBRATIONS ON A HYPERBOLIC 3-MANIFOLD 3 

Acknowledgment. I would like to thank Sadayoslii Kojima and members of 
Kojima laboratory for helpful conversations and advice. I would also like to thank 
Eriko Hironaka for her inspiring series of lectures about pseudo Anosov maps at 
Tokyo Institute of Technology and for telling me the argument in Example 15.61 I 
would also like to thank Hongbin Sun for catching some errors on the earlier version 
of this paper. This work was supported by JSPS fellowship, DC2. 

2. FiBERED COMMENSURABILITY 

In this section, we recall the definitions and basic facts of the fibered commen- 
surability. Most of the contents in this section are discussed in [2]. In this paper, 
unless otherwise stated, by a surface and a hyperbolic 3-manifold, we mean a com- 
pact connected orientable 2-manifold possibly with boundary and of negative Euler 
characteristic, and connected, orientable, complete hyperbolic 3-manifold of finite 
volume respectively. 

2.1. Fibered pairs. For a given homeomorphism f : F F, we can get a 3- 
manifold M which is called the mapping torus of /; 

M = Fx [0,l]/((/(x),0)^(x,l)). 

Since the mapping tori of conjugate automorphisms are homeomorphic to each 
other, for a given pair (-F, 0), we get an homeomorphism class of 3-manifolds by 
taking mapping tori. We denote the mapping tori by [F, </>]. For [F, </>], is called 
a fiber and </> is called the monodromy. 

In this paper, we focus on fibrations of a fixed hyperbolic 3-manifold M. The 
fibrations on M are governed by elements in H^{M; Z) and if w £ H^{M; Z) corre- 
sponds to a fibration then we get an associated pair {F, cj)) for F a fiber and the 
monodromy (i.e. [F,(j)] is homeomorphic to M, see also section E]). Note that this 
correspondence of lo and (F, (j)) is well-defined up to the conjugation of {F, (/>). 

In section |3l we discuss Theorem 3.1 of [2] for the case that manifolds have 
boundaries. To state the theorem it is convenient to define a fibered pair which is 
a generalization of pairs of type {F, (j)). We also enlarge our attention to orbifolds. 
An orbifold is a space that is locally modeled on a quotient of an open ball in R by 
a finite group. See [21] and Chapter 13 of pO^ for more details. 

Definition 2.1 A fibered pair is a pair (M, J^) where M is a compact 3- 

manifold with boundary a union of tori and Klein bottles, and T is a foliation by 
compact surfaces. More generally, an orbifold fibered pair is a pair (O, Q) where O 
is a compact 3-orbifold, and Q is a foliation of O by compact 2-orbifolds. 

Definition 2.2 ([2]). A fibered pair (M, J^) covers {M,F) if there is a finite cover- 
ing of manifolds n : M ^ M such that Tr~^(J-') is isotopic to J-'. Two fibered pairs 
and {M2,F2) are commensurable if there is a third fibered pair [M,F) 
that covers both. 

For a given pair {F,(j)), the mapping torus [F,(j)\ has a foliation T by surface 
leaves which are homeomorphic to F and hence we get a corresponding fibered pair 

Unlike the case of commensurability in Definition 11.21 it is easy to see that the 
commensurability of fibered pairs is an equivalence relation. Note that it suffices to 
prove the transitivity. Suppose {Mi,Ti) and (M^+i, J^i+i) are commensurable for 
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i — 1,2 and {Mi2,J-i2) (resp. (M23, 7^23)) is a common covering pair of {Mi,Ti) 
and (M2, 7^2) (resp. (M2, ^^2) and (M3, ^-"3)). Then we can take a covering iV of M2 
which corresponds to p\^tti{Mi2) np^^7ri(M23) < 7ri(M2) where : M12 ^> M2 
and p^^ : M23 — > M2 are the covering maps. Let p : N M2 be the covering map. 
Then {N , p~^ {T2)) covers both (Mi, J^i) and (M3, ^^3). Thus we see that the fibered 
commensurabiHty is a transitive relation. The transitivity of the commensurabihty 
in Definition 11.31 can be verified similarly. 

We define another equivalence relation on fibered pairs so that the covering 
relation will be a partial order. 

Definition 2.3 ([2])- We say that two fibered pairs (M, J^) and {N, Q) are covering 
equivalent if each covers the other. Call a covering equivalence class minimal if no 
representative covers any element of another covering equivalence class. 

Remark 2.4 (see also Remark 2.9 of [2J). Each covering equivalence class of fibered 
pairs [(i^, contains exactly one fibered pair unless (p is periodic. Therefore, if 
we consider pseudo Anosov automorphisms, by abusing notation, we use the word 
"element" for each covering equivalent class. 

2.2. pseudo Anosov automorphisms. By a result of Thurston, it turns out that 
the (interior of) mapping torus [F, (jj] admits hyperbolic metric if and only if the 
automorphism cj) is pseudo Anosov (see [12] , cf . [T^ ) • 

Definition 2.5. A homeomorphism f : F ^ F is a pseudo Anosov homeomor- 
phism if there is a pair of transverse measured singular foliations (J^*, /i**), (.F", /i") 
on F and a positive real number A so that f{T") = J-"", /(/i") — A/i" and f{J-'^) = 
J^*,/(/i'') = (1/A)/^*. (J"",^") ( resp. {T^jfi")) is called the unstable (resp. stable) 
measured singular foliation associated to f. 

See Figure [T] for a shape of the singularities of (J^*, /i''), (7^",/i"). An automor- 
phism (f) is said to be pseudo Anosov if it has a pseudo Anosov homeomorphism as a 
representative. We call the positive real number A the dilatation of pseudo Anosov 
automorphism cf) and denote it by A(0). 

In some cases, it is convenient to consider the restriction of automorphisms on 
Int(-F). By considering (t>\int{F): gst a pseudo Anosov automorphism on Int(i^) 
and by abusing the notation we also denote it by (p. Note that Int(F) can be 
regarded as a surface with finitely punctures, one corresponding to a component 
of the boundary of F. Then the singularities of J^* (or J"") lie on Int(F) or the 
punctures of Int(i^). We denote the set of points and punctures that correspond to 
the singular points of associated singular foliations by Sing((/)). 

3. The minimal element and equivalence of the commensurability 

3.1. Uniqueness of the minimal element. A fibered pair {M,T) is called hy- 
perbolic if Int(7\f) admits a complete hyperbolic metric of finite volume. In p], they 
stated the following theorem 

Theorem 3.1 (Theorem 3.1 of 2 ). Every commensurability class of hyperbolic 
fibered pairs contains a unique (orbifold) minimal element. 

In this subsection, we give a detailed discussion for the case that manifolds have 
boundaries. By passing to a finite covering we may assume to be co-orientable 
and hence M fibers over the circle i.e. M is the mapping torus [F, </>] of some surface 
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Figure 1 . A shape of a singularity of degree 4 at the boundary. 

F and pseudo Anosov <j>. The proof in [2] assumes that all singular points of the 
singular foliation associated to (j) lay on the interior of F. We prove this result 
for the case that some of the singularities lay on the boundary. By restricting the 
automorphism on Int(F), this corresponds to the case that Sing(^) contains some 
punctures. Since we are dealing with commensurability classes, it suffices to discuss 
the case that the foliations are co-orientable. 

Theorem 3.2 (see also p.). Let {M,iF) he a hyperbolic co-orientable fibered pair 
and {F,(/)) be the pair associated to {M,J^). Then the commensurability class 
of {M,J-) contains a unique minimal (orbiflold) element. Moreover, i/ Int(_F) H 
Sing(0) = 0, then the minimal element is a manifold. 

Proof. This proof is a modification of the proof in |2j . We first recall the argument 
in [2]. The stable and unstable singular foliations J-" and J^" associated to cj) 
determine a unique singular Sol metric on Int(il/). Pulling back this metric to 
the universal cover tt : M — )■ Int(M), M becomes a simply connected singular Sol 
manifold. Each fiber of M is a singular Euclidean plane with singularity. Note 
that unlike the case in [2], this metric is not necessarily complete. Let A be the full 
isometry group of the singular Sol metric. By appealing to the local Sol metric of 
M, it can be verified that each element of A preserves the foliation by the singular 
Euclidean planes. In [5], it is shown that to prove the theorem, it suffices to prove 
the following claim. 

Claim . A is discrete with respect to the compact open topology. 

For the proof of this claim, the condition Sing(0) C Int(F) is assumed in f2]. We 
prove this claim without the assumption. Let A' < A be the subgroup consisting of 
isometrics that preserve each fiber of M set-wise. We first prove that the subgroup 
A' is discrete. Let S' be a fiber of M and S be its completion with respect to the 
singular Euclidean metric. Then we will extend p — Tr\s : S — ^ Int(i^) to a local 
isometry p : S ^ Int(i^) U Sing(0). Let {xi} be a Cauchy sequence in S. Then 
{p{xi)} is a Cauchy sequence in Int(i^) and it converges to either an interior point 
of F or a point in Sing(0). Since S consists of the equivalence classes of Cauchy 
sequences in S, we can define p : [{xi)] ^ limp(a;i). Since p is a local isometry, p 
is well defined and a local isometry. Therefore we get E := S \ S = p~^(Sing(0)) 
for the natural extension p of p. Any isometry (p : S ^ S extends to an isometry 
(f : S ^ S and by construction we get (p{E) — E. Then suppose there is a sequence 
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{(pi} of isometries such that ipi — > id. Since the distances between two distinct 
points in E are bounded from below by a positive constant, for large enough i, Cpi 
must fix the points E point-wise. Suppose that (p : S ^ S is a,n isometry which 
preserve E point-wise. Since 5 is a singular Euclidean plane, we may find two 
points ei, 62 in E which can be joined by a unique geodesic 7. Then by appealing 
to the distance from ei and 62, it follows that Cp preserves 7 point-wise. Note that 
every isometry on S leaves the set of leaves of and p^^{J-'^) invariant. 

Hence every leaf which intersects with 7 is preserved by Cp. Let I be one of such 
leaf. Since (p \s a, local isometry of Sol metric, it locally acts as a translation on S. 
Therefore (p fixes I point-wise. Since each leaf of F'^ or iF^ is dense in Int(F), the 
orbit of I under the action of the deck transformation group associated to p is also 
dense in S. Hence (p is identity on dense set of S and since it is an isometry, we get 
Cp = id. Therefore for large enough j, we get Cpi — id. This proves the discreteness 
of A'. 

The discreteness of the dynamical direction of A follows from exactly the same 
argument in [2 . Note that each isometry G A extends to the metric completion 
M of M. We may parametrize each fiber by real numbers t in such a way that 
for any two fixed flow lines a(i), h{t) G E{t) C S{t), the distance between a{t) and 
h{t) is e^*a;^ -I- e^*t/^ for some fixed x and y when |t| is small enough. Then for 
small \t\ the distance between any two points in E{t) are bounded from below by 
a constant which does not depend on t. Therefore since -^/e^*x^ + £r^?/^ is not a 
locally constant function, an isometry (/? G A which is close enough to the identity 
must fix each fiber. 

Since isometries may fix only singular points, if Int(F) n Sing((/)) = 0, then A has 
no fixed point in M and the last assertion holds. □ 

Corollary 3.3. All the fibrations of Mi = 5'^ \ 62 and the Magic 3-manifold M2 
are the minimal element. 

Proof. Since \ 62 (resp. the Magic 3-nianifold) is homeomorphic to the comple- 
ment of the fibered link associated to (Jicr2^ ^ ^3 (resp. aia2^cri G B3), where B3 
is the braid group on 3 strands (see Figure [2]). It is well know that for every pseudo 
Anosov's of B3, all singularities are punctured. Therefore it suffices to prove that 
Ml and M2 are minimal manifolds (not orbifolds) with respect to usual covering 
relation. Note that Vol(S'"^ \ 62) = 4Vb where Vq ~ 1.01... is the volume of ideal 
regular tetrahedron |8j . Then by a result of Cao-Meyerhoff ^Sj , it can only cover the 
figure eight knot complements or its sister (m004 and m003 in SnapPea notation). 
However SnapPy 'W , can enumerate all double covers of m003 and m004 and non of 
them are homeomorphic to S^\62- Similarly, the Magic 3-manifold AI2 has volume 
« 5.33... and if it coves a manifold by degree 2, then its volume is w 2.66... < Vs 
where Vs ~ 3.66... is the volume of ideal regular octahedron. Then by a result of 
Agol Jj, it has only one cusp and can not be doubly covered by M2 a 3-cusped 
manifold. Moreover, since Vol(Af2)/3 « 1.77... < 2Vb, again by Cao-Meyerhoff, M2 
cannot cover any manifold by degree greater than 2. Then the result follows from 
the last assertion of Theorem 13.21 □ 

Remark 3.4. For a fixed surface, there exists a pseudo Anosov automorphism with 
smallest dilatation (c.f. [H]). It is an interesting question to compute the smallest 
dilatation for a given surface. In [TU] and [2] , Hironaka and Kin-Takasawa observed 
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Figure 2. The fibered link associated to a braid a e B3, 

dilatations of the monodromy of each fiber of \ 62 and the Magic 3-manifold 
respectively. It turns out that many small dilatation pseudo-Anosov automorphisms 
appear as the monodromies of fibrations of those manifolds. Corollary 13.31 shows 
that all such fibrations are primitive and hence their monodromies can be candidates 
of smallest dilatation pseudo Anosov's. 

3.2. Transitivity of commensurability in Definition 11.21 In this subsection, 
we discuss the subtle difference between the fibered commensurability and the com- 
mensurability of pairs of type </>). In 2 , it is claimed without proof that two 
pairs (-Fi, 0i) and {F2, (f>2) are fibered commensurable if and only if they are com- 
mensurable in the sense of Definition 11.21 If two pairs {Fi,(j)i) and {F2,(j)2) are 
fibered commensurable, they are commensurable in the sense of Definition 11.31 
Since a map can not always be lifted even if its power can be lifted, the claim is not 
trivial. This claim follows from the transitivity of the commensurability relation 
in the sense of Definition [5] because taking power of the automorphism is actually 
a covering. W will prove that transitivity of the commensurability in Definition 
11.21 is valid if automorphisms are pseudo Anosov. Recall that for a group G, a 
subgroup H < G is called characteristic if for every isomorphism / : G — ?> G, we 
get fiH) = H. 

Proposition 3.5. Suppose that {Fi,(j)i) and are commensurable in the 

sense of Definition \77^ for i — 1,2. Then there exists a pair {Fi23,(j)i) that covers 

— 'ki — 'k2 — -^3 

{Fi,(f>i) for each i — 1,2,3 such that (f>i = 4>2 — 4>3 for some ^1,^2,^3 £ 
Z\{0}. 

Proof. In Theorem 13.21 we proved that each fibered commensurability class con- 
tains a unique minimal element. Recall that A is the group of isometries of the sin- 
gular metric on the universal cover M (see the proof of Theorem 13. 2 1) . Then by con- 
sidering the subgroup A+ that consists of isometries which preserve orientation of 
M and the orientation of the leaf space of M. Then we get orientable co-orientable 
minimal element by taking M^^^ :— Af/A+. Since we need more terminology if 
-^min orbifold, we only give a proof for the case that it is a manifold. Things 
work similarly for the case that M/A+ is an orbifold. In this case we get associated 
pair (Fmin,0min) siucc M^^^ is orientable and co-orientable. Each {Fi,(j}i) covers 
(^min, 0min) for somc k € Z\ {0} (i = 1,2,3). Notc that 0i„in is not always lifted to 
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Fi. Let Hi < 7ri(i^inin) be a subgroup which is the image of 7Ti{Fi) by the covering 
map for each i = 1,2, 3. Further let d be the index [7ri(i^inin) : i?i niJs]. Then 
we take H123 r\{H < 7i'i(i^min) | [7i'i(^min) : H] ~ d}. H123 is a characteristic 
subgroup and every homeomorphism on Fmin hfts to the covering F123 that corre- 
sponds to H123 < 7ri(Fniin). Since each cfn : Fi ^ Fi is a hft of ^l^jn, it can be 
hfted to (j)i : F123 — > Fi23- Then let I be the least common multiple of ^^'s, then by 

— ^fei — 1^2 — 

putting fcj = Z/^j, we get 01 =(1)2 =03 on Fi23- □ 
4. Thurston norm and normalized entropy 

Again, in this paper we suppose that hyperbolic 3-manifolds are connected, ori- 
entable, complete and of finite volume unless otherwise stated. 

4.1. Thurston norm. Let M be a fibered hyperbolic 3-manifold. In this subsec- 
tion we recall briefly the Thurston norm on H^{M;M.) and discuss the relationship 
between fibered commensurability of fibrations on a fixed manifold M and normal- 
ized entropy. For more details about the Thurston norm, see [18] , [12] and [14] . For 
any (possibly disconnected) compact surface F = Fi UF2 U - ■ • f„, let X-{P) be the 
sum of Euler characteristic |x(^i) I of components with negative Euler characteristic. 
For a given w € H'^{M;Z) C H'^{M;R), we define ||a;|| to be 

mm{x-{F) \F is an embedded orientable surface {F,dF) C {M,dM), and 

[F] e H2{M, dM; Z) is the Poincare dual of cj e H^{M; Z)}. 
If F realize the minimum we call F a minimal representative of w. We can extend 
this norm to H^{A4;Q) by ||w|| = ||ra;||/r. It turns out out that || • || extends con- 
tinuously to H^{AI;M.). Further, this || • || turns out to be semi-norm on H^{M;R) 
and the unit ball U = {uj € H^{M; M) | < 1} is a compact convex polygon 18j. 
II • II is called the Thurston norm on i?^(M;R). We need some more terminologies 
to explain the relation between || ■ || and fibrations on ill. We denote 

• the cone over a top dimensional face A of the unit ball U by C\ , 

• the set of integral classes on Int(CA) by Int(CA(Z)), and 

• the set of rational classes on a top dimensional face A by A(Q). 
Then Thurston proved 

Theorem 4.1 ([I8J. Let M he a fibered hyperbolic 3-manifold and F a fiber. Then 
there is a top dimensional face A of U such that 

• the dual of [F] e H2{M,dM;Z) belongs to Int(CA(Z)), and 

• for every primitive class uj in Int(CA(Z)), a minimal representative of uj is 
a fiber of a fihration on M . 

We call the face A in Theorem 14. II a fibered face and the cone over a fibered face 
a fibered cone. 

As a corollary, we see that if the first Betti number bi{M) > 1 and M is fibered, 
then M has infinitely many distinct fibrations. In this section we discuss the fibered 
commensurability of such fibrations of a hyperbolic fibered 3-manifold. 

4.2. Normalized entropy. For given two fibrations wi 7^ a;2 G H^{M; Z), uji and 
UJ2 are said to be .symmetric if there exists a homeomorphism ip : M ^ M such 
that = a;2 G H^{M;Z). We are mainly interested in fibrations which are 
not symmetric but commensurable. For (F, 0), the number x(F) log(A((/))) is called 
the normalized entropy where x(F) is the Euler characteristic of F and X{(j)) is the 
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dilatation of (p. It turns out that it is shared by commensurable fibrations on a 
fixed hyperbolic 3-manifold. 

Proposition 4.2. Suppose that [Fi^(j)i\ — [i^2,02] and their interior admits hyper- 
bolic metric. If{Fi,(l)i) is commensurable to {F2,4'2), then 

xiFi) log(A(0i)) = xiF2) log(A(</)2)). 

Proof. It suflices to prove the case that (Fi,0i) and {F2,(j)2) are commensurable 
in the sense of Definition 11.21 Then, there are pairs {F,(j)i) that cover {Fi,4)i) and 

ki e Z \ {0} for i = 1,2 such that (j)'^^ = 02^. Then the mapping torus [F,(l)i''] 
covers [Fi,(j)i] and the degree of this cover is kix{F) / x{Fi) . Since [Fx, (pi] — [^2,(^)2], 
we get ki/x{.Fi) = k2/x{F2). Since A((/)) = A(^), 

x(F)log(A(^^)) = 2^x{Fi)ki log(A(0i)) = ^;t(F2)fc2log(A(02)). 

Putting them aU together, we get x{Fi)\og{\{<j>i)) — x{F2) log(A((/)2)). □ 

Each primitive integral classes in CaC^) corresponds to a rational class in Int(A). 
The normalized dilatation defines a function ent : A(Q) R. In [7,, the function 
^ is shown to be concave and therefore it extends to Int(A). Moreover, 

Theorem 4.3 ([16]). ^ : Int(A) -^R is strictly concave. 

In Example 3.12 of [5], it is remarked that some fibrations on \ &\ are not 
commensurable. In Corollary 13. 3[ it is proved that all fibrations on \ 62 are 
the minimal elements and since the minimal element is unique, we see that two 
fibrations of \ 6| are either symmetric or non-commensurable. Here, we give an 
alternative proof of this fact in terms of normalized entropy. In [10] or [16], the 
unit ball of the Thurston norm on [S^ \ 62) is computed to be a square. Further, 
the symmetries of the square all come from the symmetries of the manifold (see 
Example 15.61 for more details about the symmetries of S*^ \ 6|). Therefore the 
function ^ is invariant under the action of symmetries of the unit ball. Since 
^ is strictly concave, this proves that any two fibrations that correspond to loi ^ 
u!2 G i?^(M;Z), are either symmetric or non-commensurable. In other words, the 
normalized entropy determines the commensurability class of a fibration on \ 62 
up to symmetry. 

On the other hand, in [TSj Section 2], it is observed that for the Magic 3-manifold 
N there are rational points on a fibered face which share the normalized entropy but 
which are not symmetric to each other. However again by Corollarv l3.3[ we also see 
that any two distinct fibrations of N are either symmetric or non-commensurable. 
Hence for the Magic 3-manifold, the commensurability classes of fibrations are not 
determined by the normalized entropies. We do not know for what kind of hyper- 
bolic 3-manifolds, the commensurability classes of fibrations on the same hyperbolic 
3-manifold are determined by the normalized entropy up to symmetry. 

5. Commensurability of fibrations on a hyperbolic 3-manifold 

5.1. Manifolds without hidden symmetries. In this subsection we prove that 
if a hyperbolic 3-manifold M has no hidden symmetry, then M can not have any 
non-symmetric but commensurable fibrations. 
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A Kleinian group is a discrete subgroup of PSL(2, C). Two Kleinian groups Fi 
and T2 are said to be commensurable if Fi n F2 is a finite index subgroup of both 
Fi and F2. Let F be a Kleinian group. Then the commensurator C~^(T) of F is 

C+(F) ^{he PSL(2,C) I F and hrh''^ are commensurable}, 

and the normalizer iV+(F) is 

iV+(F) = {he PSL(2,C) I F = hTh-^], 

Note that iV+(F) < C+(F). 

Let p : TTi{M) — > F < PSL(2,C) be a holonomy representation of 7ri(Af). By 
Mostow-Prasad rigidity theorem, any self-homeomorphism ip : M ^ M corresponds 
to a conjugation of F. Therefore we get N{M)/r = Isom(A/) where Isom(A/) is 
the group of self-homeomorphisms of M. If C+(F) \ A^+(F) ^ 0, each element 
h G C'+(F) \ A^~'"(F) is said to be a hidden symmetry. Then M is said to have 
no hidden symmetry if F has no hidden symmetry. Note that by Mostow-Prasad 
rigidity theorem, holonomy representations of 7ri(M) are related by a conjugation, 
the definition does not depend on the choice of a holonomy representation. 

Theorem 5.1. Suppose M is a fibered hyperbolic i-manifold which does not have 
hidden symmetry. Then, any two non-symmetric fibrations of M are not fibered 
commensurable. 

Proof. Let {M,Ti) and (M, ^"2) be commensurable fibered pairs that correspond 
to two distinct fibrations on M. Then by Theorem 13.21 we have a unique minimal 
element {N,Q) in the commensurability class. Let p : tti{N) PSL(2,C) be a 
holonomy representation and F := p{tti{N)). Then since (M, J^i) and (M, 7^2) 
cover {N,Q), there are two corresponding coverings pi,P2 ■ M — N. Let F^ = 
PPi*{T^i{M)) for i — 1,2. Then by Mostow-Prasad rigidity theorem, there is G 
PSL(2,C) such that hVih-^ = F2. Further, since F2 < F n hTh'^, h G C+(F) = 
C+(Fi) = A^+(Fi). The last equality holds since M has no hidden symmetry. Then 
it follows that Fi = F2 and hence there exists a homeomorphism ip : M ^ M such 
that piip — P2- Therefore uji and uj2 are symmetric. □ 

Remark 5.2. Hyperbolic 3- manifolds with hidden symmetry are "rare" among all 
non- arithmetic hyperbolic 3- manifolds (see for example, [9j). Hence we may expect 
that "most" hyperbolic 3-manifolds have no hidden symmetry and therefore have 
no non-symmetric but commensurable fibration. 

Remark 5.3. As mentioned above, there is no non-symmetric but commensurable 
fibrations on \ Q\ and the Magic 3-manifold. However, \ Q\ and the Magic 
3- manifold are arithmetic and by a result of Margulis [TS] , they have lots of hidden 
symmetries. Therefore even though a manifolds has hidden symmetries, it might 
not have any non-symmetric but commensurable fibrations. 

5.2. Non-symmetric and commensurable fibrations. In this subsection, we 
construct manifolds that have non-symmetric but commensurable fibrations. 

Lemma 5.4. Let M be a fibered hyperbolic 3-manifold. Suppose two primitive el- 
ements LUi ^ UJ2 H^{M; Z) correspond to fibrations with fibers and monodromies 
{Fi,(f>i) and {F2, 4)2) respectively. We suppose further (Fi,(f>i) — {F2,4>2) (i-e- con- 
jugate to each other). Then, for large enough n G N, there exists a degree n covering 
space Pn : M„ — > M such that p^{uji) and p^{uj2) correspond to commensurable but 
non-symmetric fibrations. 
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Proof. Note that by the universal coefficient theorem H^{M; Z) = Honi(iJi(Af) /Tor, 
where Tor is the torsion part. This isomorphism is determined by a choice of a ba- 
sis of Hi{M; Z)/Tor. Let A, = ab(7ri(^;))/Tor where ab : 7ri(M) Hi{M) is the 
abehanization and Tri{Fi) ^ 7ri(Af) is an injection induced by the fiber structure 
of M associated to {Fi,(t)i) for i — 1,2. Then the fiber structure of M gives the 
exact sequence 

^ 7ri{F,) 7ri(M) ^ 7ri(5^) ^Z^O. 
The map pi factors through the abehanization since 7ri(S'^) ^ Z is abehan. Hence 
we get Ai = Ker(a;i) = Z^~^ where b is the first Betti number of M. Then we 
consider the dynamical covering p„ : M„ — >■ M of degree n with respect to uji (i.e. 
the covering corresponding to (Fi, (/<")). This is the covering corresponding to the 

surjective map 7ri(Af) Hi{M) — ^ Z — > Z/nZ. 

Therefore for sufficiently large n, there exists b G A2 such that b maps to a 
nonzero element by the above surjective map. This means that each component of 
p~^{F2) is not homeomorphic to _F2- D 

Example 5.5. S*^ \ 6| and the Magic manifold have symmetries that permute 
cusps, and therefore they do have two distinct elements in their first cohomology 
with homeomorphic fibers and conjugate monodromies. 

Example 5.6. In this example we observe that M :— \ 6| has two symmetric 
fibrations in the same fibered cone in H^{M). Although this fact can be checked 
by computing the symmetry group by SnapPy j6l, we give a geometric proof. The 
following argument is due to Eriko Hironaka, see also [lOj . 

Let u, t be the generators of Hi{M, Z) which correspond to the meridians of 63 
(see the left picture of Figure IS]). Then let U,T e H'^{M;Z) be the dual of u,t 
respectively. Then U corresponds to the fibration of M with monodromy / that 
corresponds to ctiCTj^^ G -B3. Let ft, be a 7r-rotation which is depicted in Figure |3l 
Then we can see that /^^ — cr20'i^ = hfh, that is / and are conjugate to each 
other. Therefore there is a symmetry that corresponds to the conjugation and the 
symmetry maps U U and T i— > — T. This symmetry preserves a fibered face 
{all -|-6T|— l<a<l,6=l} and we get symmetric fibrations which correspond 
to distinct element on the same fibered cone. 



uC3 ^ 



TT-rotQtion 





Figure 3. A involution map h on 4- holed sphere. 



Putting Lemma [5.41 and Example 15.61 together, we get 

Theorem 5.7. There are manifolds with non- symmetric but commensurable fibra- 
tions whose corresponding elements in H^{M;Z) are in the same fibered cone. 
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Remark 5.8. We do not know how many commensurable fibrations can a fixed 
manifold have up to symmetry. 
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